In the papers [1, 2] , hereafter referred to as I and II respectively, we discussed the similarity solution of the one-dimensional diffusion equation c, = (DcI)I when the diffusion coefficient D is a function of the concentration c. The physical problem that concerns us is the diffusion of a substance into a semi-infinite medium after the substance is introduced at the face at a given concentration level which is maintained thereafter. Normalizing and introducing the similarity variable tj = x/y/t leads to the problem
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In addition to ( to be singular and there may then be an rj0 such that, the solution c(?)) = 0 for rj > tj0 . This r?0 represents the location of a "front" of a nonlinear wave of the diffusant. Bounds on the initial flux of the solution are useful in two ways. They were necessary in I and II for computing the solution. They are quite useful physically because of their relation to the uptake, which is a quantity readily measured: the total amount of diffusant which has crossed x = 0 by time t, M, , is M, = f c(x, t) dx = -\/1 f c(rf) dr).
Jo Jo
Using the conservation law -m = lJ~c(v)dn (3) which we proved for both singular and non-singular cases, we see that
By physical reasoning Macey [3] derived an approximate solution of (I, 2) which in our notation is <4)
L. F. SHAMPINE Here /* = /(0). He observes that in his computations /* > /(0), and we reported the same observation in II. This is plausible from the physical arguments. The approximation c*(ri) is defined implicitly by (5) and is supplemented by c*(j?) = 0 for 77 > 770* where
In this note we shall prove by simple means that the quantity /* of (4) is an upper bound on the initial flux. Furthermore, if any /* which is a lower bound for the initial flux is used in (5), the approximation c*(r/) so defined satisfies c(t?) > for all 17 > 0. Lower bounds are easy to obtain, e.g. in II we derived /(0) > -(A/ir)1/2 where A = max0St<i D(c). Study of Macey's plots of the approximation c*(rj) of (4, 5) shows that in every case there is a number 5 such that for 0 < 7? < <5, c*(?j) > c( 77) and for S < rj, c*(?j) < c(rj). We shall prove this qualitative behavior is always true. In particular, we shall prove that if the problem exhibits a front at t?0 , then j)0 is at least as large as the vo* of (6). 
is negative for c < 1 which implies 77(c) > ^?*(c). Returning to c as the dependent variable, we have shown that if j* is a lower bound for the initial flux, then the approximation c*(77) of (5) We have seen that any /* less than the initial flux leads to a c*(rj) from (5) which is less than c(y). Naturally, then, the ij0* of (6) is a lower bound for the location t)0 of a front of c(ri), should one exist. The qualitative picture of Macey's approximation shows that using the j* of (4) leads to an ??0* of (6) which must also be a lower bound for i)0 ■ The i/o* of (6) is an increasing function of j* so Macey's approximation gives the best bound.
